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THE EQUATION (x− d)5 + x5 + (x+ d)5 = yn
MICHAEL A. BENNETT AND ANGELOS KOUTSIANAS
Abstract. In this paper, we solve the equation of the title under
the assumption that gcd(x, d) = 1 and n ≥ 2. This generalizes
earlier work of the first author, Patel and Siksek [BPS16]. Our
main tools include Frey-Hellegouarch curves and associated mod-
ular forms, and an assortment of Chabauty-type techniques for
determining rational points on curves of small positive genus.
1. Introduction
If f(x) is a polynomial in Z[x] of degree at least three with, say,
distinct complex roots, then the superelliptic equation
f(x) = yn
has at most finitely many solutions in integers x, y and n with |y|, n ≥ 2.
This result, due to Schinzel and Tijdeman [ST76], is a consequence of
bounds for linear form in logarithms and, as such, is effective – one
can readily deduce explicit bounds upon y and n, depending only upon
f . Actually classifying these solutions for a given polynomial f(x),
however, is, in most cases, still beyond current technology. By way of
example, while we strongly suspect that the equation
x2 − 2 = yn
has only the obvious solutions with y = −1, this has not yet been
proven.
If we replace the polynomial f(x) with a binary form f(x, d) of degree
k ≥ 3, we would expect that analogous finiteness statements hold for
the generalized superelliptic equation
(1.1) f(x, d) = yn, gcd(x, d) = 1,
at least provided n is suitably large relative to k. That such a result
might be inherently difficult to prove in any generality is suggested by
the fact that the case f(x, d) = xd(x + d) is essentially equivalent to
Fermat’s Last Theorem [Wil95]. Some statements for forms of degree
Date: June 19, 2020.
Supported in part by a grant from NSERC.
1
2 MICHAEL A. BENNETT AND ANGELOS KOUTSIANAS
k ∈ {3, 4, 6, 12}may be found in a paper of the first author and Dahmen
[BD13], though they are applicable to a vanishingly small proportion
of such forms unless k = 3.
One accessible source of f(x, d) for which equation (1.1) has proven
occasionally tractable is provided by forms derived from sums of powers
of consecutive terms in arithmetic progression. Defining
Sj(x, d, k) =
j−1∑
i=0
(x+ id)k,
equation (1.1) with f(x, d) = Sj(x, d, k) is a long-studied problem (see
e.g. [Sch56, VGT79, GTV80, Bri84, Urb88, Pin97, BGP04, Pin07,
Haj15, PS17, AG19]). The case of three terms, i.e. j = 3, has attracted
particular attention over the years, dating back to work of Cassels and
Uchiyama independently [Cas85, Uch79], who studied the case d = 1,
n = 2 and k = 3. More recently, all solutions of the equation
(1.2) S3(x, d, k) = y
n
have been determined for 2 ≤ k ≤ 7, and various values of d (where
the prime divisors of d are small and fixed). The interested reader may
consult [Zha14, BPS16, KP18, Kou19, Zha17, AG19, AGP19, AGP20,
DK].
Closely related to the focus of the paper at hand is recent work of
van Langen [Lan19], where equation (1.1) is completely resolved in the
case f(x, d) = S3(x, d, 4), through careful consideration of two Frey-
Hellegouarch Q-curves. We will deduce an analogous result for
f(x, d) = S3(x, d, 5),
though our argument is essentially rather more straightforward, utiliz-
ing elliptic curves defined over Q. We prove the following theorem.
Theorem 1.1. The only solutions to the equation
(x− d)5 + x5 + (x+ d)5 = yn, x, y, d, n ∈ Z, n ≥ 2,
with gcd(x, d) = 1 satisfy x = 0, |d| = 1 or |x| = 1, |d| = 2.
We note that this result generalizes an earlier theorem of the first
author, Patel and Siksek [BPS16], who treated the same equation un-
der the restriction that d = 1. The main new ingredients we employ,
in comparison to [BPS16], are a variety of Chabauty-type techniques
to handle the small exponent cases n ∈ {2, 3, 5}, which reduce to an-
alyzing rational points on curves of positive genus, and an elementary
observation about local behaviour at p = 3.
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For each of the four cases n = 2, 3, 5 and n ≥ 7, we will make use
of the computational algebra package Magma [BCP97]. The relevant
code for all the computations in this paper can be found at
https://github.com/akoutsianas/ap_5th_powers.
2. Preliminaries
Here and henceforth, let us suppose that we have
(2.1) (x− d)5 + x5 + (x+ d)5 = yn,
with x and d coprime nonzero integers, and n ≥ 2 an integer. Without
loss of generality, we may suppose that n is prime. Then
x(3x4 + 20x2d2 + 10d4) = yn
and so, writing κ = gcd(x, 10), there necessarily exist integers a and b
such that
(2.2) x = κn−1an
and
(2.3) 3x4 + 20x2d2 + 10d4 = κbn.
Here, κa and b are coprime. If xy = 0, then from (2.1), x = y = 0. We
will thus suppose henceforth that a 6= 0 and rewrite the last equation
as
(2.4) 10(d2 + x2)2 − 7x4 = κbn.
From (2.2) and (2.4), we are led to the Diophantine equation
(2.5) 7κ4n−5a4n + bn =
(
10
κ
)
T 2,
where T = d2+x2. A simple but very helpful observation is as follows.
Since gcd(x, d) = 1 and n ≥ 2, equation (2.3) implies that 3 ∤ d. It
follows from (2.3), then, that
κbn ≡ 1− x2 (mod 3).
Thus either 3 | x (in which case, from (2.2), 3 | a), or 3 ∤ x, so that
x2 ≡ 1 (mod 3), whence 3 | b. We thus may conclude, in all cases, that
3 | ab (i.e. that 3 | y in equation (2.1)).
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3. The case n ≥ 7
We begin by treating the case of larger prime exponents, i.e. those
with n ≥ 7. Following [BS04], we construct signature (n, n, 2) Frey
curves Eκ for each value of κ, namely
(3.1) E1 : Y
2 = X3 + 20TX2 + 10bnX,
(3.2) E2 : Y
2 +XY = X3 +
5T − 1
4
X2 + 35 · 24n−11a4nX,
(3.3) E5 : Y
2 = X3 + 4TX2 + 2bnX
and
(3.4) E10 : Y
2 +XY = X3 +
T − 1
4
X2 + 7 · 104n−11a4nX.
We denote by ρ¯Eκ,n the Galois representation acting on the n–torsion
subgroup of Eκ. For prime n ≥ 7, from modularity [Wil95, TW95,
BCDT01], irreducibility of ρ¯Eκ,n [BS04, Corollary 3.1], the fact that
3 | ab (so that, in particular, ab 6= ±1), and Ribet’s level lowering
theorem [Rib90, Theorem 1.1], we may conclude that there exists a
weight 2 cuspidal newform f of level NEκ, with q-expansion
(3.5) f = q +
∑
i≥2
ai(f)q
i
and eigenvalue field Kf , such that Eκ ∼n f . Here,
NEκ =


28 · 52 · 7 if κ = 1,
2 · 52 · 7 if κ = 2,
28 · 5 · 7 if κ = 5,
2 · 5 · 7 if κ = 10,
and, by Eκ ∼n f , we mean that there exists a prime ideal n | n of Kf
such that, for almost all primes p,
ap(Eκ) ≡ ap(f) (mod n).
In order to bound n we appeal to the following by-now standard
result.
Proposition 3.1. Suppose E/Q is an elliptic curve of conductor NE
and f is a newform of weight 2, level Nf | NE, and q-expansion as in
(3.5). Suppose E ∼n f for some prime n. Then there exists a prime
ideal n | n of Kf such that, for all primes p:
• if p ∤ nNENf then ap(E) ≡ ap(f) (mod n),
• if p ∤ nNf and p ‖ NE then ±(p + 1) ≡ ap(f) (mod n).
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It is important to note here that, a priori, this result does not au-
tomatically provide an upper bound upon n, as we might have that
ap(E) = ap(f) for all p. In our case, however, where we apply Propo-
sition 3.1 with E = Eκ, the fact that 3 | ab implies that 3 ∤ nNf and
3 | NEκ , so that
(3.6) a3(f) ≡ ±4 (mod n).
This congruence alone eliminates many possible forms f from consid-
eration and, in all cases, provides an upper bound upon n. Explicitly,
we find after computing representatives for each Galois conjugacy class
of weight 2 newforms of levels 70, 350, 8960 and 44800 (there are 1, 8,
64 and 196 such classes, respectively), that n ≤ 16547 (with the value
n = 16547 corresponding to a pair of classes of forms of level 44800).
For the remaining pairs (f, n), we may then appeal to Proposition 3.1
with E = Eκ and use the fact that Eκ has nontrivial rational 2-torsion
(so that ap(Eκ) ≡ 0 (mod 2), for each prime p of good reduction). For
each prime p ≥ 11, p 6= n, Proposition 3.1 thus implies a congruence
of the shape
(3.7) ap(f) ≡ 2m (mod n) or ap(f) ≡ ±(p + 1) (mod n),
where n | n and, by the Weil bounds, m is an integer with |m| ≤ √p.
Applying these congruences to each remaining pair (f, n) for each prime
11 ≤ p ≤ 97, p 6= n, we eliminate all but a number of pairs with n = 7
(2 forms at level 350, 4 forms at level 8960 and 30 forms of level 44800),
n = 11 (12 forms of level 44800), and n = 13 (4 forms at level 8960
and 8 forms of level 44800).
To show that these remaining 60 pairs (f, n) fail to give rise to so-
lutions to equation (2.5), we will appeal to Proposition 3.1 with more
carefully chosen primes p. This argument has its genesis in work of
Kraus [Kra98]. The key observation is that if p ≡ 1 (mod n) is not
too large, relative to n, then n-th powers take on relatively few values
modulo p and hence, from (2.5) and the models for the Eκ, the choices
for m in (3.7) are greatly restricted. An extreme example for this is
the case n = 11 and κ = 1, where, choosing p = 23, we find that (2.5)
has no solutions modulo 23, unless 23 | ab. There are thus no values of
m to consider in (3.7) and hence
(3.8) a23(f) ≡ ±24 ≡ ±2 (mod n),
for a prime n in Kf with n | 11. This eliminates 8 of the remaining 12
pairs (11, f). For the other 4 pairs, (3.8) cannot be ruled out and we
must choose a different prime p. With, for example, p = 89, we find
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that for a given integer x, either 89 | x or
x11 ≡ ±1,±12,±34,±37 (mod 89).
From (2.5), it follows that either 89 | ab, or that the pair (b11, T ) is
congruent to one of
(1,±28), (−1,±27), (12,±32), (−12,±20), (37,±29), (−37,±7),
modulo 89. A short calculation with the model (3.1) reveals that either
89 | ab or
a89(E1) ∈ {−4, 12, 14},
i.e. that m in (3.7) is restricted to the set {−2, 6, 7}. We thus have
that
a89(f) ≡ −24,−4, 12, 14, 24 ≡ 1,±2, 3,−4 (mod n),
for a prime n in Kf with n | 11. We arrive at the desired contradiction
upon calculating that, for the 4 forms in question, a89(f) ≡ 0 (mod n).
More formally, we can state this argument as follows. Let n ≥ 7 and
p = nt+ 1 be prime, and define
µn(Fp) = {x0 ∈ F∗p : xt0 = 1}.
For a pair (a, b) ∈ µn(Fp), let Ta,b ∈ Fp be such that
10
κ
T 2a,b = 7κ
4n−5a4 + b.
For a triple (a, b, Ta,b) we denote by Eκ,a,b,Ta,b the elliptic curve over Fp
derived from Eκ by replacing (a
n, bn, T ) with (a, b, Ta,b).
Proposition 3.2. With the above notation, suppose that f is a new-
form with n ∤ NormKf/Q(4 − a2p(f)). If, for all triples (a, b, Ta,b), we
have that
n ∤ NormKf/Q(ap(f)− ap(Eκ,a,b,Ta,b)),
then no solutions to equation (2.5) arise from f .
Proof. The proof is similar to [BMS06, Proposition 8.1]. 
Applying Proposition 3.2 with p ∈ {29, 43} (if n = 7), p ∈ {23, 89}
(if n = 11) and p ∈ {53, 79, 157} (if n = 13), completes the proof of
Theorem 1.1 in case n ≥ 7 is prime. The above computations can be
found at
https://github.com/akoutsianas/ap_5th_powers
in the file elimination step.m. We note that there are two methods
one can use to compute data about classes of weight 2 modular forms
in Magma, either the classical approach, or by viewing such forms
as Hilbert modular forms over Q. In our situation, they are both
reasonable computations (taking less than 24 hours on a 2019 Macbook
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Pro); the Hilbert modular form package is substantially faster in the
current Magma implementation. It is perhaps worth observing that
the labels of forms generated by these two methods do not match.
4. The case n = 2
In case n = 2, we find immediately that equation (2.3) has no integer
solutions with κ = 1. From (2.4), working modulo 8, it follows that
necessarily b, d are odd, x is even and κ ∈ {2, 10}. Since then
3x4 + 20x2d2 + 10d4 ≡ 10 (mod 16),
we thus have κ = 10, i.e.
(4.1) b2 = d4 + 200d2a4 + 3000a8.
Writing
y =
4d(b+ d2 + 100a4)
a6
and x =
2(b+ d2 + 100a4)
a4
,
we find that
y2 = x3 − 400x2 + 28000x.
The latter equation defines a model for an elliptic curve, given as
134400ed1 in Cremona’s database, of rank 0 over Q (with torsion sub-
group of order 2). It follows that necessarily either ad = 0, or that
b + d2 + 100a4 = 0. The first cases are excluded by assumption. If
b + d2 + 100a4 = 0, then, from (4.1), again we have that a = 0, a
contradiction.
5. The case n = 3
If we next assume that n = 3, equations (2.2) and (2.3) imply that
(5.1) b3 =
(
10
κ
)
d4 + 20κ3d2a6 + 3κ7a12
and so
(5.2) b3 =
(
10
κ
)(
d2 + κ4a6
)2 − 7κ7a12,
i.e.
(5.3) Y 2 = X3 + 7κ
(
10
κ
)3
,
where
Y =
100(d2 + κ4a6)
κ5a6
and X =
10b
κ3a4
.
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In case κ ∈ {1, 10}, the elliptic curve corresponding to (5.3) has Mordell-
Weil rank 0 over Q and trivial torsion. Since we have assumed that
a 6= 0, we may thus suppose that κ ∈ {2, 5}. In these cases, the curves
corresponding to (5.3) have Mordell-Weil rank 1 over Q; we will tackle
these values of κ with two different approaches.
The case κ = 2. For this choice of κ, from equation (5.2) we have
(5.4) 5Z2 = X3 + 14Y 3,
where Z = d2+24a6, X = b and Y = 22a4. It follows that gcd(X, Y ) =
1. Suppose K = Q( 3
√−14); the class number of K is 3, OK = Z[ 3
√−14]
and a generator of the free part of the unit group of OK is given by
r = −1 + 2 3√−14 + ( 3√−14)2.
We factorize (5.4) over K to obtain
(5.5) 5Z2 = (X − 3√−14Y )(X2 + 3√−14XY + ( 3√−14)2Y 2).
There are unique prime ideals of K above 2, 3 and 7 which we denote
by p2, p3 and p7, respectively. If p is an prime ideal of K that divides
gcd(X − 3√−14Y,X2 + 3√−14XY + ( 3√−14)2Y 2), then we can readily
conclude that p | (3 3√−14X, 3 3√−14Y ). Because gcd(X, Y ) = 1, it
follows that p | 3 3√−14, whence p = p2, p3 or p7. There are two prime
ideals of K above 5 with norm 5 and 52 which we denote by p5 and q5,
respectively; we have 〈5〉 = p5q5. From the above discussion, we may
write
(5.6) 〈X − 3√−14Y 〉 = pa22 pa33 pa77 pa55 qa
′
5
5 I
2,
where 0 ≤ ai < 2 for i = 2, 3, 7, (a5, a′5) = (1, 0) or (0, 1) and I is
an integral ideal of OK . Because N(p2) = 2, N(p3) = 3, N(p7) = 7
and N(q5) = 5
2, taking norms on both sides of equation (5.6) and
appealing to (5.4), we necessarily have that a2 = a3 = a7 = 0 and
(a5, a
′
5) = (1, 0). In conclusion,
〈X − 3√−14Y 〉 = p5I2.
The ideal p5 is not principal but p
3
5 = 〈5− 3
√−14+( 3√−14)2〉. Therefore,
we have
(5.7) (X − 3√−14Y )3 = ±ri(5− 3√−14 + ( 3√−14)2)γ2,
where γ ∈ OK and i = 0, 1. Replacing (X, Y ) be (−X,−Y ) we can
only consider the positive sign in the last equality. Suppose that
γ = s+ t 3
√−14 + u( 3√−14)2
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with s, t, u ∈ Z. After expanding the left and right hand sides of (5.7),
we find that either

X3 + 14Y 3 = 5s2 − 28st+ 14t2 + 28su− 140tu+ 196u2
−3X2Y = −s2 + 10st− 14t2 − 28su+ 28tu− 70u2,
3XY 2 = s2 − 2st+ 5t2 + 10su− 28tu+ 14u2,
or 

X3 + 14Y 3 = −19s2 − 56st+ 42t2 + 84su+ 532tu+ 392u2,
−3X2Y = −3s2 − 38st− 28t2 − 56su+ 84tu+ 266u2,
3XY 2 = 2s2 − 6st− 19t2 − 38su− 56tu+ 42u2,
if i = 0 or i = 1, respectively. Since Y = 22a4 is even, in either case we
have that s is necessarily even and hence so is X3+14Y 3, contradicting
the fact that gcd(X, Y ) = 1.
The case κ = 5. Finally, let us suppose that κ = 5. A solution (a, b)
of (5.1) corresponds to a rational point on the Picard curve
C : X31 = Y
4
1 + 200 · 52Y 21 + 3000 · 54,
where X1 =
2b
a4
and Y1 =
2d
a3
. Let J = Jac(C) be the Jacobian of C.
Using Magma’s PhiSelmerGroup routine, we can prove that rank(J) ≤
1, while ZetaFunction shows that #J(Q)tor = 1. On the other hand,
we have the non-trivial point
P := [(−150,√−1500) + (−150,−√−1500)− 2∞] ∈ J(Q).
Therefore, it follows that J(Q) ∼= Z and that P generates an infinite
subgroup of J(Q). Applying the code1 from [HM20] with p = 19 leads
to the conclusion that C(Q) = {∞} which completes the proof for
n = 3.
6. The case n = 5
From (2.5), we are concerned, in all cases, with the genus 2 hyperel-
liptic curve
C : Y 2 = X5 + 7 · 105,
where Y = 10
3(d2+x2)
κ8a10
and X = 10b
κ3a4
. Unfortunately, the rank of the
Jacobian of C is 3 and Chabauty methods are not immediately appli-
cable. Instead, we note that the determination of C(Q) can be reduced
to the problem of computing all the points on a family of genus one
curves over Q( 5
√
7) with rational X-coordinates.
1The code can be found at https://github.com/travismo/Coleman.
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Let K = Q(θ) where θ5 + 7 = 0 and α = 10θ. Then we can write
X5 + 7 · 105 = (X − α) (X4 + αX3 + α2X2 + α3X + α4) ,
from which it follows that
u2 = δj(X − α) and v2 = δj
(
X4 + αX3 + α2X2 + α3X + α4
)
,
where u, v ∈ K∗ and δj ∈ K∗/K∗2. Since the polynomial x5 +7 · 105 is
irreducible over Q, from [BS09, Section 2] we have that δj is an element
of Sel(2)(C/Q) ⊂ K∗/K∗2. Using Magma’s function TwoSelmerGroup
we can prove that Sel(2)(C/Q) = 〈a1, a2, a3〉, where
a1 = −θ4 − θ3 + θ2 + θ + 1,
a2 = θ
4 − θ2 − 4θ − 5,
a3 = −5θ4 − 7θ3 − 7θ2 − θ + 15.
We can therefore choose δj to be an F2-linear combination of a1, a2 and
a3, so that in particular, we may suppose that
δ1 = 1,
δ2 = −5θ4 − 7θ3 − 7θ2 − θ + 15,
δ3 = θ
4 − θ2 − 4θ − 5,
δ4 = 75θ
4 + 99θ3 + 73θ2 − 41θ − 257,
δ5 = −θ4 − θ3 + θ2 + θ + 1,
δ6 = −33θ4 − 65θ3 − 77θ2 − 49θ + 43,
δ7 = 9θ
4 + 7θ3 − 3θ2 − 23θ − 47,
δ8 = 545θ
4 + 913θ3 + 993θ2 + 381θ − 1251.
For each δj , we have a corresponding genus one curve
(6.1) Cj : v
2 = δj
(
X4 + αX3 + α2X2 + α3X + α4
)
.
It is enough to determine the points (X, v) of Cj such that X ∈ Q. The
Jacobian Jj of Cj is an elliptic curve over K and using Magma we are
able to compute a subgroup of Jj(K) of full rank. The rank of Jj(K)
for each j is less than 5 (see Table 1), hence Cj satisfies the Elliptic
Curve Chabauty condition over K for every j, 1 ≤ j ≤ 8 [Bru03].
If j 6= 2, we are able to determine a K-point on Cj; in case j = 2,
we are unable to find an element of C2(K) and must argue somewhat
differently.
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j rank(Jj(K)) j rank(Jj(K))
1 2 5 3
2 1 6 2
3 2 7 1
4 4 8 3
Table 1: The rank of Jj(K).
6.1. Cj(K) 6= ∅: For the cases j 6= 2 we have computed a point Pj ∈
Cj(K). Then it is known that Cj is birationally equivalent to an elliptic
curve Ej over K and the map φj : Ej 7→ Cj may be found explicitly in
[Con92, Theorem 1]. We also know that Ej ≃K Jj. Let pr : Cj 7→ K¯
with pr(X, v) = X be the projection map and ψj := pr ◦φj. We observe
that ψj is defined over K.
Let (X, Y ) be a rational point of C that corresponds to a point
(X, v) on Cj . From the above discussion, it is enough to determine
Hj = Ej(K) ∩ ψ−1j (Q) because then X ∈ ψ(Hj). As we have already
mentioned, the Elliptic Curve Chabauty condition is satisfied for all
cases and hence we can apply the method in [Bru03] together with
Mordell-Weil sieve [BS10], as implemented in Magma, to determine
Hj (we also recommend [BT04, Section 4] for a nice exposition of the
method). For j ∈ {1, 3, 5, 6, 7, 8} it is enough to apply a Chabauty
argument using the primes p | p of good reduction of Ej with p ≤ 47,
but for j = 4 we are forced to consider p ≤ 199. After carrying this
out, we conclude, for j 6= 2, that X = −6 or 30.
6.2. Cj(K) = ∅: For the case j = 2, we are not able to find a point
P ∈ C2(K). However, we know that the curve C2 is a 2-covering of the
elliptic curve J2 which means that if C2(K) 6= ∅ then C2 corresponds
to a non-trivial point of the 2-Selmer group of J2 over K that lies on
the image of J2(K).
Since J2(K) = Z/2Z × Z, the image of J2(K)/2J2(K) corresponds
to three non-trivial elements of Sel(2)(J2/K) which in turn correspond
to three 2-covering curves of J2 that have a K-point. Using Magma’s
function TwoDescent we can compute all 2-coverings of J2 that are
elements of Sel(2)(J2/K). We identify the three of them that have a
K-point (using the function Points) and note that none of them is
isomorphic to C2; we may thus conclude that C2(K) = ∅ and so no
rational points of C arise from C2.
The data for the various Cj, Pj and Ej , together with the corre-
sponding Magma code can be found at
https://github.com/akoutsianas/ap_5th_powers
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in the files ap 5th powers data.m and ap 5th powers.m.
To sum up, we have proved that
C(Q) = {(30,±5000), (−6,±832),∞}.
From the fact that X = 10b
κ3a4
and a 6= 0, we thus have b = 3 and
a = κ = 1, corresponding to the solutions to equation (2.1) with
(|x|, |d|, |y|, n) = (1, 2, 3, 5).
This completes the proof of Theorem 1.1.
7. Concluding remarks
In this paper, we have studied equation (1.1) in the case f(x, d) =
S3(x, d, 5). Important to our argument is that we are able to assert
that 3 | y, while, at the same time, the associated ternary equation
(2.5) has the property that its coefficients are coprime to 3. A nearly
identical approach enables one to treat (1.1) if f(x, d) = Sj(x, d, 5) for
every fixed j ≡ ±3 (mod 18). Indeed, writing
x = z − (j − 1)
2
d,
we have that
Sj(x, d, 5) =
jz
3
(
3z4 + 5
(
j2 − 1
2
)
z2d2 +
(
(j2 − 1)(3j2 − 7)
16
)
d4
)
.
Once again equation (1.1) and the fact that n ≥ 2 implies that 3 ∤ d
and hence
yn ≡ ±z (1− z2) ≡ 0 (mod 3).
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